We present a comprehensive study of generation and collision of optical similaritons in sub-micron silicon photonic wire waveguides. Our analysis of optical pulse dynamics in such wave guiding devices is based on a rigorous theoretical model that incorporates all of the relevant linear and nonlinear optical effects, including modal dispersion, free-carrier dispersion and absorption, self-phase modulation, two-photon absorption, frequency dispersion of the optical nonlinearity, and the free-carrier dynamics. In addition to the particular characteristics of the generation of optical similaritons in silicon photonic wires, we also investigate the dependence of the efficiency of this optical process on the physical parameters and temporal profile of the input pulse. The collision of optical similaritons that propagate both in the normal and anomalous dispersion regime is also analyzed. Guided by the target applications of our study, we considered two technologically relevant spectral regions, namely, telecom and mid-IR frequency domains.
INTRODUCTION
The rapid increase of data transmission rate in many optical communication systems has led to an intense interest in generating pulses that do not suffer from distortion and wave breaking phenomena upon propagation. An example of such type of pulses that preserve their shape during propagation and show particle-like behavior are localized optical waves also known as solitons. They exist in the anomalous group-velocity dispersion (GVD) regime, namely when the second-order dispersion coefficient, β 2 < 0. Similar types of pulses that show particlelike properties and self-similar behavior upon propagation are the so-called similaritons. 1, 2, 3, 4, 5 Unlike solitons, they form primarily in the normal dispersion regime (β 2 > 0), although the existence of similaritons in the anomalous GVD regime has been demonstrated as well. 6 Similaritons preserve their overall pulse intensity and phase profiles, although specific pulse parameters, such as the pulse width, amplitude, and frequency chirp vary during propagation. As a result, similaritons are not affected by destructive effects, such as pulse distortion, radiative damping, and wave breaking phenomena. More importantly, from a practical point of view, in order to generate optical similaritions no specific constraints have to be imposed on the physical parameters describing the initial pulse. The generation of optical similaritons and their physical properties have already been studied and demonstrated in optical fiber systems such as Yb-doped fiber amplifiers, 2 using passive schemes based on dispersion managed or tapered silica fibers, 4 and high-power amplifiers.
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The constant drive towards increased photonic systems integration makes it necessary to develop innovative approaches to generate at chip-scale optical pulses that are not distorted when propagated in subwavelength wave guiding photonic devices. Recent studies 8 in which it is demonstrated that similaritons can form in silicon (Si) fibers with micrometer sized core represent an important step towards this goal. However, device fabrication considerations suggest that the silicon-on-insulator (SOI) material platform 9, 10 provides a more flexible and cost-effective solution to further decrease the device footprint. By scaling down the transverse device size to submicrometer range, the enhanced optical field confinement not only leads to larger modal frequency dispersion but also increases considerably the effective optical nonlinearity of the waveguide. As such, significant pulse reshaping effects can be achieved over relatively short propagation distance. For example, soliton generation in Si photonic nanowires (SiPhNWs) has already been demonstrated experimentally in chip-scale devices.
11 Other important nonlinear optical effects that can be used efficiently to engineer the intensity and phase profiles of optical pulses, such as supercontinuum generation, 12, 13, 14 pulse self-steepening, 15 and modulational instability, 16 have been demonstrated both at telecom (λ = 1.55 μm) and mid-IR (λ 2.2 μm) wavelengths (see Refs. [17, 18, 19] and references therein for more information on nonlinear optical effects in Si waveguides). The latter spectral domain provides an additional advantage for using Si as material platform for integrated nonlinear photonic devices, namely, the two-photon absorption (TPA) of Si is dramatically reduced.
In this article, we present a comprehensive analysis of formation and collision of similaritons in SiPhNWs. We consider similaritons that form in the normal and anomalous GVD regimes at both telecom and mid-IR spectral domains. Our article is organized as follows: In the next section we introduce a rigorous theoretical model on which our analysis of pulse dynamics is based. Then, in Sec. 3 we briefly outline the wavelength and waveguide width dependence of the main physical parameters that influence the pulse dynamics. Section 4 presents a detailed study of the physical characteristics of similariton generation in SiPhNWs whereas in Sec. 5 we discuss the collision between such optical pulses. Finally, in the last section the main conclusions are summarized.
THEORETICAL MODEL FOR OPTICAL PULSE PROPAGATION
Our study is based on a widely used rigorous theoretical model 20 that incorporates all of the relevant linear and nonlinear optical effects that influence the pulse dynamics upon propagation in SiPhNWs, including modal frequency dispersion, free-carrier (FC) dispersion and FC absorption, self-phase modulation (SPM), TPA, frequency dispersion of the optical nonlinearity, and the FC dynamics. The frequency dispersion and waveguide width dependence of the physical parameters of our model are rigorously accounted for, which allows us to apply our model to pulse propagation in width-modulated SiPhNWs 21, 22 and at both telecom and mid-IR frequencies.
Thus, the pulse dynamics are described by the following partial differential equation:
19, 20, 21, 22
where u(z, t) is the pulse envelope, normalized to units of √ W, z and t are the distance along the SiPhNWs and time, respectively, β n (z) = d n β/dω n is the nth order dispersion coefficient, κ(z) is a physical parameter that quantifies the overlap between the optical mode and the active area (Si core) of the waveguide, v g (z) is the group-velocity, δn FC 
2 is the FC induced loss coefficient, where N is the FC density, m * ce = 0.26m 0 and m * ch = 0.39m 0 are the effective mass of the electrons and holes, respectively, with m 0 the mass of the electron, and μ e and μ h the electron and hole mobility, respectively.
The nonlinear properties of the waveguide are chiefly described by the effective nonlinear waveguide coefficient,
, where A(z) and Γ(z) are the cross-sectional area and the effective third-order susceptibility of the waveguide, respectively. When the pulse duration approaches the shock time scale, i.e. the characteristic response time of the waveguide nonlinearity, τ (z) = ∂ ln γ(z)/∂ω, the frequency dispersion of the waveguide nonlinearity must be considered as well. Our theoretical model is completed by a standard rate equation describing the dynamics of the FCs,
where Γ and Γ are the imaginary and real part of Γ, respectively, and t c is the recombination time.
DISPERSION PROPERTIES OF SILICON PHOTONIC WIRE WAVEGUIDES
The SiPhNW considered in this study consists of a Si rectangular core with an adiabatically varying width, w(z), which is buried in SiO 2 . The height of the waveguide is assumed to be constant, h = 250 nm. In order to incorporate in our model the z-dependence of the optical parameters of the waveguide we determine the fundamental (TE-like) optical mode and its propagation constant for 51 values of w, ranging from 500 nm to 1500 nm. In each case, the spectral domain in which these physical quantities are calculated is 1.3 μm < λ < 2.3 μm. The optical modes are then used to determine the physical parameters κ(λ), γ(λ), and τ (λ) for all values of w. Finally, by fitting the dependence β(λ) with a 12th-order polynomial, for all values of w, and taking the corresponding derivatives we determine the higher-order dispersion coefficients. In the cases in which w does not belong to the set of the 51 calculated values we use polynomial interpolation to calculate the corresponding values of the waveguide parameters.
The width dependence of the spectra of the waveguide dispersion coefficients are presented in Fig. 1 . These plots show that the linear waveguide parameters depend strongly on both w and λ, which provides increased flexibility in choosing the regime in which the device operates. In particular, it can be seen that if w < 887 nm the SiPhNW has two zero GVD wavelengths, defined by the relation β 2 (λ, w) = 0. In contrast, when w > 887 nm the SiPhNW has normal GVD in the entire spectral domain. However, if λ > 2187 nm the waveguide has normal GVD for any width. Moreover, within the range of the waveguide parameters investigated here, β 2 decreases monotonically with w if λ < 1.78 μm, whereas if λ > 1.78 μm the dependence β 2 (w) has a minimum point. A strong dependence on the waveguide width is also shown by β 1 = 1/v g , namely, β 1 decreases as w increases.
Pulse propagation in SiPhNWs is not only determined by the waveguide dispersion coefficients but also by the nonlinear coefficients, which are plotted in Fig. 2 . Specifically, the magnitude of the real and imaginary parts of the waveguide nonlinearity coefficient, γ, which describe the SPM and TPA effects, respectively, increase as w and λ decrease. As a result, it is expected that pulse reshaping phenomena induced by optical nonlinear effects will be more intense at lower wavelengths in SiPhNWs with smaller w. On the other hand, the shock time parameter shows a different dependence on the waveguide width. Specifically, whereas τ increases as w decreases, τ varies only slightly with w. Note that τ and τ are time scales associated to different nonlinear effects, namely, SPM and TPA, respectively. 
GENERATION OF OPTICAL SIMILARITONS
For optical similaritons to be used in photonics related applications there must exist easily available, versatile techniques for their generation. To this end, in this section we demonstrate that indeed optical similaritons can be easily generated from pulses whose parameters are practically free from physical constraints. To illustrate this, we consider first Gaussian pulses, u in (t) = e
, with full-width at half-maximum (FWHM), T FWHM = 200 fs (T FWHM = 1.665T 0 ), and peak power P 0 = 10 W, which are launched into an exponentially tapered SiPhNW. The taper function that describes the dependence of the width on the propagation distance is the following:
, with w in = 1500 nm, w out = 820 nm, a = 0.2 m −1 describes the rate at which the width of the taper changes, and L is the taper length. We investigate the efficiency of the similariton formation process in two different cases, namely at telecom and mid-IR wavelengths. Under these circumstances, the waveguide parameters are: (i)
The evolution of the pulse profile and that of the density of photo-generated FCs, determined at both wavelengths, is depicted in Fig. 3 . One effect illustrated by the pulse propagation presented in this figure is that, as expected, a stronger pulse decay is observed at λ = 1.55 μm. This is due to decreased TPA at mid-IR wavelengths [see also Fig. 2(b) ]. Another interesting effect is revealed by the evolution of the density of FCs, namely, while at λ = 1.55 μm N decreases with z, at λ = 2.2 μm, surprisingly, N increases with z. To understand this behavior of the FC dynamics one can use Eq. (2) to infer that when the pulse width T 0 t c , a condition which is satisfied in our simulations, the amount of generated FCs is
. The parameters Γ , T FWHM , and v g vary only slightly with z, so that the main contribution to ΔN (z) comes from the z-variation of the ratio P 2 (z)/A 2 (z). At λ = 1.55 μm the pulse decays at a higher rate than the rate at which the taper narrows, so that N decreases with z. By contrast, at λ = 2.2 μm the pulse is absorbed at a much smaller rate, so that the dominant contribution to ΔN (z) primarily comes from the narrowing of the taper, meaning that N increases with z. We point out that variations of N induce changes in the effective index of the waveguide, and as such our results suggest that pump pulses can be used to induce a controllable optical environment that would be probed by a co-propagating optical signal.
An important phenomenon illustrated by the pulse dynamics shown in Fig. 3 , which is the most relevant one for the topics investigated in this work, is the evolution of the initial Gaussian pulses into a parabolic one. The intensity profile of parabolic pulses is described by |u 
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and u p (t) = 0 otherwise, where u p (t 0 ), t 0 , and T p are the amplitude, time shift, and pulse width, respectively, whereas the phase of such pulses depends quadratically on time. It should be noted that in terms of the required propagation distance for the formation of parabolic similaritons, this optical process is more effective at λ = 1.55 μm. This is primarily due to the fact that the nonlinear waveguide coefficient, γ , is larger at telecom wavelengths [see Fig. 2(a) ], which means that the nonlinear optical effects that are responsible for the pulse reshaping are enhanced as well.
In order to quantify the generation of parabolic pulses we use the intensity misfit parameter, ε I , which provides a global measure of the degree to which the intensity profile of a pulse matches that of a parabolic one:
For the case presented in Fig. 3 , the minimum values of the misfit parameter are Parabolic similaritons can be generated from pulses other than Gaussian ones, the particular shape of the input pulse influencing only the similariton formation length. To demonstrate this, we considered input pulses with different shapes, namely, Gaussian, super-gaussian, u(t) = e Figure 4 summarizes the results of this analysis, namely, it shows the z-dependence of 2 I calculated for different input powers. This figure suggests that Gaussian pulses are the most suitable for generating parabolic pulses, since for this pulse profile the values of the misfit parameter are the smallest. In addition, for Gaussian and sech pulses the band of small values of the misfit parameter is wider at λ = 2.2 μm than it is at λ = 1.55 μm. In both cases the width of these bands becomes narrower as P 0 increases. On the other hand, super-gaussian pulses at λ = 2.2 μm are characterized by two bands of small misfit parameter values, whereas in the case of λ = 1.55 μm there is only one such band, which broadens as P 0 increases. Figure 4 also reveals that of all pulse shapes considered super-gaussian pulses are characterized by the shortest similariton formation length. This conclusion is expected since of all three shapes the profile of a super-gaussian pulse is closest to a parabolic one. 
COLLISION OF OPTICAL SIMILARITONS
The results of our study presented so far demonstrate that parabolic similaritons can be easily generated in tapered SiPhNWs. However, one important physical property of such pulses, which is particularly relevant to technological applications, is that similaritons display particle-like behavior during collision. It should be noted that one expects that the knowledge pertaining to similaritons collision in regular or photonic crystal fibers 23, 24 cannot be simply translated to the context of SiPhNWs, as the basic optical properties of these optical guiding systems make them quite distinct from each other. For example, the presence of FCs in SiPhNWs means that optical similaritons collide in these waveguides in the presence of nonlinear losses induced by the TPA, whereas in the case of silica based optical fibers optical losses depend linearly on the pulse amplitude.
In order to study the collision of optical similaritons in SiPhNWs, we launch in these waveguides two such pulses with different carrier frequencies, namely, Ω 0 + ΔΩ and Ω 0 − ΔΩ. This amounts to the two pulses having different group-velocities. The pulses are temporally separated by Δt, which can be arbitrarily chosen. We consider first the case of normal GVD, so that, for simplicity, we assume that the width of the waveguide is constant, w = 900 nm. The initial profile of the optical field is then given by:
where A 01 and A 02 are the amplitudes of the two similaritons and t = Δt/2. Moreover, the parameters of the similaritons are related by the following relations:
where φ 0 is a constant phase and E in is the energy of the input pulse. In deriving these relations we assumed that the initial (nonlinear) loss coefficient is α nl = −2γ A 2 0 . To determine the initial values of the parameters of the colliding similaritons we choose first the pulse width, T 0 , assumed to be the same for the two similaritons, then using Eq. (5c) we calculate the initial pulse energy, E in , and from Eq. (5b) we find the amplitude of the similaritons, A 0 . Finally, the initial phase profile is determined from Eq. (5a). Since β 2 and γ are frequency dependent, the two similaritons will be characterized by different sets of parameters.
We have applied this procedure to study the collision of two parabolic similaritons with λ 0 = 1.55 μm and frequency shift ΔΩ = 130.2 THz, which means that the wavelengths of the two similaritons are λ 1 = 1400 nm and N [m λ 2 = 1736 nm. The pulse width was set to T 0 = 600 fs, the remaining pulse parameters being P 01 = 440.4 mW and P 02 = 447.8 W. This choice of the parameters of the input pulses ensures that the wavelengths of both similaritons lie in a region of large TPA. The results of our simulations, presented in Fig. 5 , clearly illustrate the particle-like behavior of the similaritons upon the pulse collision. Specifically, it can be seen that, except of some slight interference effects observed in the overlap region, the similaritons pass through each other being practically unaffected by the collision process. In addition, the strong TPA leads to significant pulse absorption, which is also reflected in the dependence of the FC-density on the propagation distance. In particular, one can observe a significant decrease with z of the FC density, except, as expected, in the overlap region where a larger amount of FCs is generated. In addition to the collision of the similaritons, Fig. 5 also illustrates their temporal compression, which is their expected dynamics in a medium with optical losses.
We also considered the collision of parabolic similaritons propagating at mid-IR wavelengths. Thus, we chose λ 0 = 2.2 μm and ΔΩ = 57 THz, the corresponding wavelengths of the two similaritons being λ 1 = 2019 nm and λ 2 = 2300 nm. With a pulse width of T 0 = 2.5 ps, the peak powers of the two similaritons were found to be P 01 = 2.54 W and P 02 = 1.62 W. Since the spectral separation between the two similaritons is smaller in this case, we have chosen a waveguide width at which the group-velocity is more dispersive at λ 0 ∼ 2.2 μm, namely, w = 530 nm. Figure 6 illustrates the dynamics of the similaritons collision in this case. While the evolution of the optical field again shows that the similaritons are not destroyed as a result of their collision, the dynamics of FCs are more complex as compared to what we have observed in the previous case. Specifically, it can be seen that an increased amount of FCs is generated while the two similaritons collide, whereas the FC-density remains rather constant when the two pulses are temporally separated. Interestingly enough, the similariton at λ 1 = 2019 nm decays faster than the one at λ 2 = 2300 nm, although it probes a lower FC-density and thus smaller FC absorption. This result, explained by the reduced TPA experienced by the latter similariton, demonstrates that in this spectral regime and for pulse parameters considered here the TPA is significantly larger than the FC absorption. Moreover, the reduced TPA at mid-IR wavelengths also results in a smaller pulse compression.
In order to complete our analysis of similaritons interaction in SiPhNWs we considered the collision of similaritons that propagate in the anomalous GVD regime. Since in the mid-IR the waveguide has normal GVD for any width, in this case we only study the similaritons collision at λ 0 = 1.55 μm. Moreover, for the two pulses to propagate in the anomalous GVD regime we set w = 510 nm. In the case of anomalous GVD, the similariton profile is described by a hyperbolic-secant function, so that the input pulse is written as:
Here, φ(t) = φ 0 − (γ P 0 /β 2 ) t 2 , φ 0 being a constant phase. Note that in the case when the quadratic chirp term in this relation vanishes the corresponding sech pulses are the well-known solitons. They correspond to a case of a SiPhNW with constant optical parameters and no optical losses or gain. As it is well known, solitons would propagate in such waveguides without any change in their shape or pulse parameters, whereas similaritons only preserve their shape upon propagation.
As in the case of normal GVD, we set the frequency shift ΔΩ = 130.2 THz, meaning that λ 1 = 1400 nm and λ 2 = 1736 nm. With a pulse width T 0 = 200 fs, the pulse peak powers are P 01 = 48 mW and P 02 = 154 mW. The collision of sech similaritons, presented in Fig. 7 , has several features that distinguish this case from that of parabolic similaritons. First, it can be seen that although both similaritons are compressed during the propagation, an effect similar to that of soliton compression, in this case the compression factor is much smaller. Second, Fig. 7 shows that the dynamics of FCs is chiefly determined by the propagation of just one of the two similaritons. This result is easily explained by the quadratic dependence of the generated FCs on the pulse power, combined with the fact that the optical power of one of the similaritons is more than three times larger than the peak power of the other one. Despite these differences, however, in this case too the sech similaritons show particle-like behavior during collision.
CONCLUSIONS
In conclusion, we have demonstrated that parabolic similaritons can be easily generated in tapered Si-PhNWs. Our analysis showed that using this approach optical similaritons can be generated at both telecom and mid-IR wavelengths, from pulses that are readily available in standard experimental set-ups. In particular, we considered Gaussian, super-gaussian, and hyperbolic-secant pulses, our study revealing that the smallest similariton formation length corresponds to super-gaussian pulses. Finally, we also considered the collision of optical similaritons propagating in the normal and anomalous GVD regimes, in both cases the dynamics of the optical field and those of photo-generated FCs being investigated. This analysis has demonstrated that although the optical similaritons are not destroyed in the collision process, the similaritons interaction is strongly dependent on the particular conditions in which the collision occurs, including the frequency dispersion regime, spectral domain, and pulse parameters.
